Abstract. The phase error in a high quality accelerometer was investigated on the basis of systematic experiments on a prototype platform permitting controlled vertical harmonic oscillations. The recordings of an accelerometer and of an ultra-high frequency GPS fixed on this platform were compared with those of a LVDT transducer, controlling the platform movement. All sensors were supported by independent GPS timing. The output of this study is that the recordings of accelerometers are characterized by a random phase error, which, however, decreases with the increase of the oscillation frequency, as dictated from the laws of mechanics. Such errors are important given the increasing use of combinations of accelerometers with various sensors for a wide range of applications. A simple method for the correction of such errors is proposed.
Introduction
In the last years or even decades, there have been introduced various measuring and recording instruments with relatively high sampling rates, though sometimes as low as 1 Hz, a rate which is indeed fast for satellite positioning. The advent of such instruments opened new horizons in various types of measurements, for the additional reason that it permitted to combine different sensors and obtain combined observations. Some examples are (1) the time stamping of seismometers with GPS and the combination of seismometers or accelerometers with GPS [1] , permitting a better understanding of earthquakes and structural vibrations; (2) the development of inertial systems consisting of gyroscopes and accelerographs which are combined with GPS and permit to counteract satellite signal deficiencies [2] ; (3) the combination of GPS with sonars which permit the improvement of the reconstruction of the seabottom topography [3] ; or finally (4) combination of various sensors to obtain 3-D images using mobile mapping techniques [4, 5] . A key point in all these studies is the time stamping of observations which, at least in the last years, tends to be provided by GPS observations [6, 7] , avoiding older techniques such as simultaneous conventional (analog) photos of chronometers and of other analog sensors such as telescope images.
However, synchronization of different sensors is not without problems, and a time-shift between measurements of different instruments exists in many cases. The importance of this delay has been emphasized by Correspondence: stiros@upatras.gr
Hessling [8] , who proposed its stochastic estimation on the basis of cross-correlation, before the dynamic error in measurement systems is computed.
In order to shed light to this problem, especially for accelerometers which are used in a wide range of applications (inertial positioning systems, structural monitoring, earthquake monitoring, etc.), we made systematic experiments using an accelerometer collocated with other instruments (GPS as displacement sensors, LVDT transducer, etc.), all with independent GPS time stamping, in order to examine the statistics and pattern of the possible phase between their recordings. The results of this study, focusing on the phase error of accelerometers, mostly derived from extensometer measurements, are summarized below.
Methodological background
We examine a harmonic oscillation of frequency f described by equation (1)
which indicates that the instantaneous displacement x(t) is a function of the amplitude X of the oscillation, of time t and of a phase ϕ. Derivation of this equation leads to equation (2) describing the instantaneous velocity v(t)
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which indicates that in a harmonic oscillation the acceleration a(t) is at phase π (180 degrees) with displacement [9] . For this reason LVDT and accelerometer measurements in harmonic oscillations should ideally be at a phase of π radians.
However, measurements of all instruments are affected by errors, and for this reason both the instantaneous amplitude and phase differ from the theoretical values.
In the present study measurements from the LVDT were used as a reference providing theoretical values in order to examine phase drifts in the accelerometer data. This selection was assessed by various experiments with different instruments as is further discussed in Section 5.
Description of the experiments

Experimental setup
For our experiments we used a prototype platform designed to produce vertical harmonic oscillations of controlled characteristics (amplitude/frequency) and to host various sensors. The platform permits to compare the output of various under-test sensors with certain reference sensors; hence it permits to define their accuracy, not simply their precision [10] .
The experimental platform used consists of a horizontal plate sliding vertically with minimum friction on four vertical metal pylons fixed on a stable steel base. The latter is clamped on a concrete base. An electric motor with a DC stabilizer fixed on the steel base produces harmonic cyclic motions which are transformed to vertical linear oscillations using an adjustable mechanical eccentric converter of circular-to-linear motion (invertor) (Fig. 1) .
The desired oscillation frequency is defined by a potentiometer, while the amplitude of the oscillation is defined by the adjustable invertor. The vertical movement (displacement) is recorded by a LVDT transducer, the two edges of which are fixed on the moving plate and the fixed base plate. The LVDT transducer is combined with a recorder with independent GPS time stamping.
Several under-test sensors can be installed on the moving platform and this gives the opportunity to compare their performance in recording the same motion, the characteristics of which are defined by the LVDT (reference sensor).
The prototype experimental platform was designed in the Geodesy Lab (Department of Civil Engineering, University of Patras) and was built in the Machine Shop of the Department of Physics (University of Patras). Construction of the experimental platform was constructed in the framework of the Diploma Thesis of Spyropoulos [11] . This device is different from others used in the past mostly for the assessment of GPS measurements [10, 12] because it permits oscillations with pre-defined characteristics along the vertical axis, along which GPS presents the largest uncertainties [13] , and because the motion of the platform is controlled by the LVDT sensor.
Instruments and experimental procedure
Experiments discussed in this paper were based on the comparison of LVDT reference recordings with recordings of a strong motion force-balance accelerometer and an ultra-high rate GPS unit. The LVDT and the accelerometer were connected to different recorders with different GPS timing unit, so that all three instruments were fully independent, each with different recording unit and timing. In addition, power supply in all instruments was provided by batteries in order to avoid noise from the electricity network.
In particular, we used a Geo-Sig AC-63 force-balance triaxial accelerometer sensor with a 200 Hz sampling rate (frequency range 0-100 Hz), a WayCon SL200-G-KR LVDT with range ±100 mm or a WayCon SL100-G-KR LVDT with range ±50 mm, both with a sampling rate of 200 Hz. 3-channel Geo-Sig GSR-18 recorders were used for the LVDT and the accelerometer, each with independent GPS timing sensor.
100 Hz GPS units consisting of a Javad GrAnt antenna connected to a Javad Delta receiver were used, one on the platform of Figure 1 and another on a fixed nearby position (not shown in Fig. 1 ), in order to satisfy the requirements of the GPS kinematic positioning (movement of a moving antenna relative to a fixed antenna, DGPS).
The experimental device and each one of the instruments were leveled before the experiment.
The experiments were made in four days (days 1 to 4), in the same place, and with the same hardware, with exception of the LVDT receivers: the SL200-G-KR sensor (range ±100 mm) was used in days 1 and 2, while sensor SL100-G-KR (range ±50 mm) was used in days 3 and 4.
In total 86 oscillation events (20 events for day 1, 16 for day 2, 34 for day 3 and 16 for day 4) with an approximate duration of 70 s each were recorded and analyzed.
Results
After each experiment, data from the GSR-18 recorders were downloaded using the GeoDas r software provided by GeoSig. During the preliminary analysis raw measurements from the LVDT were transformed into displacements (in millimeters) around the equilibrium point corresponding to zero, by subtracting the mean value for each event from the corresponding measurements. Acceleration time-series were provided in g units. Although we used tri-axial accelerometer, only the vertical component was recording a useful movement. GPS measurements were processed using the TRACK (kinematic module of GAMIT/GLOBK) software [14] and instantaneous coordinates of the oscillating GPS antenna in a local reference frame aligned with North, East and Up were obtained. Coordinates of the antenna were transformed into apparent displacements around zero (equilibrium point) using a linear transformation [15, 16] . Typical time series from a set of recorded events during day 1 are presented in Figure 2 .
The time interval of each oscillation event is the same in all instruments indicating that there are no large timeshifts between the instruments. At a first glance, LVDT and accelerometer measurements do not present significant noise, while GPS measurements are affected by long period noise with significant amplitude, a characteristic typical for GPS measurements [17] [18] [19] [20] .
From the total length of approximately 70 s of each event, the first and last five seconds were excluded from the analysis, because during these intervals the platform was accelerating or decelerating and the oscillation frequency was not constant ("transient oscillation" [10] ).
For each of the 86 analyzed events, we produced diagrams showing the displacement and the acceleration as a function of time. A representative example is shown in Figures 3 and 4 . These diagrams indicated significant differences in the phases of the two variables, and this stimulated a further investigation.
Statistical analysis of the phase differences
The phase difference between the simultaneous recordings of the accelerometer and the LVDT (acceleration and displacement along the vertical axis) can be studied on the basis of cross-correlation or of spectral analysis. Clearly, measurements are at the highest sampling frequency of the instruments, and hence the possibility of jitter noise cannot be ruled out [21] . Still, a preliminary analysis and comparison with the least-squares based on the NormPeriod software, which is ideal for non-equidistant data [22] , revealed that results with FFT are satisfactory, given the length of the time series analyzed (approximate length of 60 s times 200 sps = 12 000 points). An additional test was made using data under-sampled at the 10 Hz rate, but results were similar.
In the present study we used the FFT function provided by Matlab and for each of the 86 events we computed the spectrum and the phase for both the LVDT and the accelerometer data. A representative diagram is shown in Figure 5 . A narrow spectral peak (consistent with the input frequency of the motor forcing the oscillator) revealed that the spectra were not characterized by spectral leakage; hence the oscillations were essentially harmonic.
At a second step, we computed the differences in phases derived from FFT between accelerometer and LVDT for each of the 86 events. We then formed a data base containing these differences, as well as the other characteristics of the oscillations (event ID, reference and oscillation amplitude).
Finally, phase differences ϕ were transformed into time delays t d as a function of the oscillation frequency f , known from the motor input and identified in the LVDT and accelerometer spectra, using the formula:
A summary of results are shown in the composite Figures 6 and 7. Results are shown separately for days 1 and 2 and for days 3 and 4, because different LVDT were used (see Sect. 2.2). In these figures phase differences and time delays are shown as a function of the peak acceleration and of the oscillation frequency, respectively. Figure 6 reveals no correlation between phase changes and peak accelerations or oscillation frequencies for both LVDT instruments used. A similar lack of correlation appears to exist between time delays and peak accelerations or oscillation frequencies (Fig. 7) . In this last case, according to equation (4) a certain delay is indeed expected, and this is computed and plotted in Figure 6 . There is, however, evidence, that the observed time delay is decreasing with increasing oscillation frequency, as predicted by equation (4) .
Discussion
For the majority of the experiments (especially for oscillation frequencies >1 Hz) the time delay is ranging between approximately 0.2 to -0.2 s.
Figures 6 and 7 tend to indicate that the amplitude of the phase difference/time delay between recorded acceleration and displacement does not follow a specific pattern, but has a rather random distribution. Still, a decrease in the time delay as a function of the oscillation frequency is induced as a consequence of equation (4). These results derive from observations with different LVDT sensors and for a wide range of phase differences for the same acceleration or oscillation frequency. In addition, this result is obtained from experiments in different days, with rebooted instruments, and in successive experiments (see Figs. 2 and 3) .
The question arising is whether these results are due to malfunction of accelerometers or LVDT. As indicated by Figure 8 , a comparison of simultaneous recordings of accelerometer, LVDT and GPS indicates no phase error (delay) between the last two independent sensors, and hence a phase delay seems to characterize only accelerometers.
The experiments discussed were based on a specific type of high-quality force-balance accelerometer, accurate for low-frequencies such as those used in applications like civil engineering and seismology. Still, other experiments with other high-quality accelerometers, not discussed in this paper, lead to the same conclusion, and in fact have inspired this study. Hence, our conclusion is valid for a wide range of sensors.
These results are likely to suggest that (random) phase delays is another type of dynamic error affecting accelerometer measurements, and this error seems rather independent from the characteristics of the measured dynamic motion. Effects like random or systematic phase drifts (commonly referred to as phase jitter or phase perturbations) are known to affect dynamic measurements and oscillator-based systems (clock oscillators, measuring devices, etc.) while there exist several methods for modeling and filtering such effects [23, 24] .
Analyzed experiments indicate that there is strong indication that phase shift errors mainly affect the accelerometer system while LVDT and GPS seem free from it.
The reasons for the observed time shift between accelerometer and LVDT measurements are not clear. The use of similar recorders with dedicated GPS timing in the experiments discussed, makes rather unlikely the possibility this error to be related to the recording instruments, and a future study will be devoted to the analysis of signals using a common recording and timing platform. Still, two open questions remain: (a) how the phase shift, detected in single frequency harmonic oscilaltions, affects complicated signals simultaneously containing more than one significant frequencies (for example measurements of the dynamic response of a structure with high order natural frequencies) and (b) how the instrument drift affects the phase delay error for long intervals of oscillation (hours, etc.).
Implications for sensor fusion
The identification of a rather random phase shift in accelerometers is very important, for this type of instruments, and especially lower quality MEM's, are widely used in various applications in different levels of fusion of various types of sensors. Such applications include seismology [25, 26] , navigation [5] including robot control, mobile mapping and airborne laser altimetry [27] , Structural Health Monitoring (SHM) [28, 29] , etc. The identification of this type of dynamic error may represent a source of significant bias in the results of such instruments, and a possible limitation for their use.
Sensor syncronization
On the basis of the experimental results analyzed in the present study, a methodology for the synchronization of the accelerometer and the LVDT (or any other displacement-measuring sensor) can be proposed. This methodology consists of three steps (see Fig. 9 ): (i) At a first step, using spectral analysis the phase ϕ α of the accelerometer and ϕ d of the LVDT time-series are computed and their difference
is calculated. (ii) The phase difference ϕ is used to produce a first shift in the time-series of acceleration. This shift is imposed simply by applying equation (4) in the time stamping of the accelerometer measurements. (iii) At a third step, a second time shift of 180
• (π radians) is introduced in order to produce the phase implied by equation (3) is introduced. • was computed according to equation (5) and this parameter was used to produce the shift shown in the middle diagram. In the lower diagram, an additional offset of 180
• was imposed on the time series of the middle diagram leading to two time series with a phase of 180
• between them, as is theoretically expected.
This process can be modified to accommodate corrections from other sensors measuring displacement (interferometers and possibly GPS or even microwave radars [30] ), or can be modified to accommodate corrections from sensors with other theoretical offsets, such as high-accuracy velocimeters (offset of 90
• , see Eq. (2)).
Conclusions
High-accuracy accelerometers were tested in a prototype experimental platform, compared with extensiometers (LVDT) and ultra-high frequency GPS, and were found to suffer from a rather random phase error. These experiemnts confirm the hypothesis of a phase error in accelerometers, derived on theoretical grounds [8] and indicate that such errors should be controlled and minimized in various combinations of sensors. A simple method to minimize this error has been proposed.
